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Abstract
Hirota bilinear form and multisoliton solution for semidiscrete and
fully discrete (difference-difference) versions of supersymmetric KdV
equation found by Xue, Levi and Liu [1] is presented. The solitonic
interaction term displays a fermionic dressing factor as in the contin-
uous supersymmetric case. Using bilinear equations it is shown also
that there can be constructed a new integrable semidiscrete (and fully
discrete) version of supersymmetric KdV which has simpler bilinear
form but more complicated interaction dressing. Its continuum limit
is also computed.
1 Introduction
Supersymmetric integrability is a fascinating topic since super-extensions
of nonlinear systems have richer phenomenolgy and still not all the tools
used in classical integrability are effective in supersymmetric context. Indeed
Lax/hamiltonian integrability works perfectly in the SUSY context (as well
as prolongation structure, Painleve test etc; see [2] and references therein)
but bilinear formulation of super-integrable hierarchies was not very deep
investigated, although the nonlinear formulation was done a long time ago
by Manin and Radul [3] The basic idea in the bilinear formulation is that
solitons in a hierarchy are behaving like free fermions in a conformal field
theory on Riemann surface. In the case of supersymmetric solitons this fact
is not quite clear although many results have been found. We mention here
the bilinear formulation of Kac and van de Leur [4], Ueno-Yamada-Ikeda [7],
Kac and Medina [5], Le Clair [6] but it is quite hard to get the nonlinear forms
and solutions out of them. The direct bilinear approach on equations (not
hierachies) was done in [8] where, after construction of the super-extension of
Hirota operator, we studied various equations (KdV, SG, SK, Painleve I, II
1
and some linearisable systems - superRicatti, superLiouville and superBurg-
ers ) [9, 10, 11, 12]. A quite nice property was found at the construction of
multisoliton solution, namely the presence of a fermionic dressing at the in-
teraction of supersolitons. This fact makes the analysis of super-soliton inter-
action quite hard. In addition, many other interesting properties appeared,
for instance the Burgers equation admits two super-extensions one being
linearisable and the other bilinearisable [11]. Also fermionic/supersymmetric
extensions of Painleve I and II equations have many unusual properties which
deserve further investigations [12]. After that many other integrable super-
symmetric extensions have been bilinearized like mKdV, two-boson system
etc [15, 16, 17, 18]. Bilinear forms and soliton solutions for fermionic non-
supersymmetric extension were very little investigated. We obtained some
results related to fermioninc extensions of Zakharov and Yajima-Oikawa sys-
tems in [13, 14]
The case of discrete equations seems to be even harder. The nonlocality of
the lattice makes the supersymmetry implementation to be very difficult so a
direct approach must be done. In the case of discrete Toda lattice and discrete
nonlinear Schro¨dinger, Grahovski and Mikhailov [20] succeded in finding an
integrable super-extension. The case of discrete KdV equation has been
analysed recently by Xue, Levi and Liu and they found interesting integrable
super extensions of potential discrete KdV [1] namely a semidiscrete one:
∂tψn = 2
ψn+1 − ψn−1
un+1 − un−1 − 4p
(1)
∂tun = 2
un+1 − un−1
un+1 − un−1 − 4p
+
un+1 − un−1 − 8p
(un+1 − un−1 − 4p)2
(ψn+1 − ψn−1)(ψn − ψn−1)
(2)
and fully discrete one:
ψn+1,m+1 − ψn,m =
2(p1 + p2)(ψn+1,m − ψn,m+1)
2(p2 − p1) + un+1,m − un,m+1
(3)
un+1,m+1 − un,m =
2(p1 + p2)(un+1,m − un,m+1)
2(p2 − p1) + un+1,m − un,m+1
−
−
(p1 + p2)(4(p2 − p1) + un+1,m − un,m+1)
(2(p2 − p1) + un+1,m − un,m+1)2
(ψn+1,m − ψn,m+1)(ψn,m+1 − ψn,m)
(4)
2
Here ψn and un are the fermionic and bosonic fields dependind on n and
t (or n and m respectively)with values in the odd and even sector of an
infinite dimensional Grassmann algebra. Integrability of the above system
was established by displaying the Ba¨cklund transformations and Lax pair.
However because the construction of multisoliton solution was not done,
we intend in this paper to formulate the Hirota form and compute the super-
soliton solution. Also, starting from the differential-difference super-bilinear
equations, we will construct fully discretized bilinear system which turns into
the nonlinear form found by Xue, Levi and Liu. In addition, we shall provide
a new form of discrete super-KdV equation with a simpler bilinear structure
but with a more complicated soliton interaction. Its continuum limit goes to
a fermionic extension of KdV which after a simple transformation is equiv-
alent to supersymmetric KdV equation. The paper is organised as follows;
in the section 2 we give a brief description of the bilinear approach potential
(semi)discrete KdV equation. We will show how to construct soliton solution
and how to discretize the bilinear form in order to obtain the fully discretized
version (giving an alternative construction of the bilinear form of Hietarinta
and Zhang [23] for H1 equation). Then we will remind the bilinear formula-
tion of supersymmetric KdV equation focusing on the component rather than
superspace description. In section 3 and 4 we bilinearize and compute multi-
soliton solutions for the semidiscrete and fully discrete versions and analyse
the continuum limit.
2 Discrete KdV and continuous super KdV
The semidiscrete version of KdV equation has been obtained long time ago
and has the following expression [21]:
un,t = u
2
n(un+1 − un−1). (5)
The potential Kac-van Moerbecke form of the semidiscrete KdV can be ob-
tained by taking un(t) = ∂twn(t)−1/4p (p is an arbitrary constant), integrat-
ing once, and take the constant of integration to be also 4p. The equation
(5) will turn into:
wn,t =
wn+1 − wn−1
wn+1 − wn−1 − 4p
. (6)
The constant 4p can be rescaled to 1 by taking wn → 4pwn, ∂t → 4p∂t.
Solutions can be found using the bilinear formalism. Indeed if wn = gn/fn
3
we will get:
Dtgn · fn = (gn+1fn−1 − gn−1fn+1), (7)
(gn+1fn−1 − gn−1fn+1)− (fn+1fn−1 − f
2
n) = 0, (8)
where Dnt a · b = ∂t − ∂t′)
na(t)b(t′)|t=t′ is the Hirota bilinear operator. The
integrability is guaranteed if the bilinear equations admit N -soliton solution
for every N and arbitrary soliton parameters. However, it was observed that
it is sufficient to have at least 3-soliton solution [24] to have integrability.
Accordingly, the 3-soliton solution is given by:
gn =
∑
µ1,µ2,µ3∈{0,1}
(b1µ1 + b2µ2 + b3µ3) exp
(
3∑
i=1
µiηi +
3∑
i<j
µiµjaij
)
,
fn =
∑
µ1,µ2,µ3∈{0,1}
exp
(
3∑
i=1
µiηi +
3∑
i<j
µiµjaij
)
.
where ηi = kin + ωit, bi = (e
ki − 1)/(eki + 1), ωi = 2 sinh ki, exp aij = (e
ki −
ekj)2/(1− eki+kj )2.
The discrete version of potential KdV can be obtained directly by dis-
cretizing the bilinear forms imposing gauge invariance [22] (i.e.invariance
with respect to a multiplication with an exponential exp (an+ bt) for any a
and b) [26], [27], [28], [29], [30]. When we discretise time t we put t → m
and for the time-derivative we consider ∂tf(n, t)→
1
h
(f(n,m+h)− f(n,m))
where h is the discretisation step (we can put t = mh to have step 1 as well).
Accordingly the bilinear time-operator will turn into
Dtgn · fn →
1
h
(g˜f − f g˜)
where, for simplicity, we use the notation, f˜ = f(n,m+h), f˜ = f(n+1, m+
h), f = f(n− 1, m) etc. So, replacing the time derivative in (7) and keeping
gauge invariance we get:
g˜f − gf˜ = h(g˜f − f˜g). (9)
We modify also the second bilinear equation (8) (otherwise the resulting
systems would be of higher order) such that to keep gauge invariance:
(g˜f − f˜ g)− (f˜f − f f˜) = 0. (10)
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Now if u = g/f , dividing both (9) and (10) by f f˜ and calling B0 = f˜ f/f f˜
we obtain:
u˜− u = h(u˜− u)B0,
(u˜− u)B0 − (B0 − 1) = 0.
Solving for B0 in the second equation and plug into the first one we obtain:
u˜− u = h
u˜− u
1− u˜+ u
,
which is exactly the potential discrete KdV of H1-type in the ABS list [25]
and the bilinear equations (9) and (10) are precisely the bilinear equations
for H1 equation found by Hietarinta and Zhang [23]. The potential discrete
KdV used in [1] can be easily obtained. Indeed, if we change the independent
variables m → m − n, n → m and scalings u → u
2(p1−p2)
, h → −p1+p2
p1−p2
we
obtain:
un+1,m+1 − un,m =
2(p1 + p2)(un+1,m − un,m+1)
2(p2 − p1) + un+1,m − un,m+1
Multisoliton solution has been computed elegantly in [23] using casoratians.
Howeverm we shall use the old formulation with exponentials since is much
more amenable to fermionic extension. The solution has the same form as in
the semidiscrete case:
gn =
∑
µ1,...,µN∈{0,1}
(b1µ1 + ... + bNµN) exp
(
N∑
i=1
µiηi +
3∑
i<j
µiµjaij
)
,
fn =
∑
µ1,...,µN∈{0,1}
exp
(
N∑
i=1
µiηi +
3∑
i<j
µiµjaij
)
,
where ηi = kin+ωihm, bi = (1+h)(e
ki−1)/(eki+1), ehωi = (h−eki)/eki(heki−
1), exp aij = (e
ki − ekj )2/(1− eki+kj)2.
2.1 Continuous super-KdV
In order to understand soliton dynamics let us remind seversal aspects of
super-KdV [19]. If un(t) and ψn(t) are even and odd grassmann functions
then the super-KdV equation in the N = 1 superspace (x, θ), is written
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in terms of the odd superfield Φ = ψ + θu and super-covariant derivative
D = ∂θ + θ∂x, as:
Φt + Φxxx + 3(ΦDΦ)x = 0.
If Φ = 2D3 log τ (where τ = F+θG is a bosonic tau function, with F -bosonic
and G-fermionic) then the Hirota bilinear form is:
(Dt +D
3
x)G · F = 0, (11)
(DtDx +D
4
x)F · F − 2(Dt +D
3
x)G ·G = 0. (12)
This form is equivalent with the well known super-bilinear form:
(SxDt + S
7
x)τ · τ = 0,
where SNa · b is the super-Hirota operator defined in [8]. However, we shall
rather be interested in the bilinear system (11) and (12) since in the discrete
setting supersymmetry is not manifest. The 2 super-soliton solution is given
by [8, 9]:
G = ζ1e
η1 + ζ2e
η2 + a12e
η1+η2 (α12ζ1 + α21ζ2)
F = 1 + eη1 + eη2 + a12e
η1+η2
(
1 +
2
k2 − k1
ζ1ζ2
)
where ζi are odd grassmann parameters, ηi = kix−k
3
i t, aij = (ki−kj)
2/(ki+
kj)
2 and αij = (ki+kj)/(ki−kj). The main difference between the interaction
of ordinary solitons and of super-solitons is the appearance of the dressing
factor αij and the correction 2/(k2 − k1)ζ1ζ2. So, at every interaction the
soliton parameter is dressed with the factor αij
3 Bilinear discrete super-KdV equation
We propose the following bilinear form for (1) and (2):
Dtγn · fn = (γn+1fn−1 − γn−1fn+1), (13)
Dtgn · fn − (gn+1fn−1 − gn−1fn+1) +Dtγn · γn − 2γn+1γn−1 = 0, (14)
(gn+1fn−1 − gn−1fn+1)− (fn+1fn−1 − f
2
n)−
1
2
Dtγn · γn + γn+1γn−1 = 0, (15)
where γn(t) is a grassmann fermionic (odd) tau function and gn(t), fn(t)
are grassmann bosonic (even) tau functions. The action of Hirota bilinear
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operator on purely fermionic functions is the same as in the ordinary case but
one has to take into account the anticommutativity, Dtγn ·γn = γ˙nγn−γnγ˙n =
2γ˙nγn. Let ψn(t) = γn(t)/fn(t), un(t) = gn(t)/fn(t), fn+1fn−1/f
2
n = Bn(t)
Dividing (13),(14), (15) by f 2 we get
ψn,t = (ψn+1 − ψn−1)Bn, (16)
un,t − (un+1 − un−1)Bn + ψn,tψ − ψn+1ψn−1Bn = 0, (17)
(un+1 − un−1)Bn − (Bn − 1) + ψn+1ψn−1Bn = 0. (18)
Solving for Bn in (18) and then introducing in (16) and (17) we will get
precisely (1) and (2) (with t→ −t).
The integrability of the bilinear system (13), (14) and (15) is proved by
computing the multisoliton solution. We define the following quantities:
aij =
(
eki − ekj
eki+kj − 1
)2
, ωi = 2 sinh ki,
αij =
(
eki+kj − 1
eki − ekj
)
, bi =
(
eki − 1
eki + 1
)
, δij =
αij
bi + bj
, ηi = kin+ ωit.
The 2-supersoliton solution is (ζ1 and ζ2 are odd grassmannian parameters):
γn = ζ1e
η1 + ζ2e
η2 + a12e
η1+η2(α12ζ1 + α21ζ2)
gn = b1e
η1 + b2e
η2 + (b1 + b2)a12e
η1+η2(1 + δ12ζ1ζ2)
fn = 1 + e
η1 + eη2 + 2a12e
η1+η2(1 + δ12ζ1ζ2)
So, the structure of the solution is similar to the continuous case displaying
the dressing factor in the fermionic component. The dressing mechanism
allows extension to the 3-supersoliton solution which has the following form:
γn =
3∑
i=1
ζie
ηi +
∑
i<j
aije
ηi+ηj (αijζi + αjiζj) + a12a13a23e
η1+η2+η3((α12α13ζ1+
+α21α23ζ2+α31α32ζ3)+ζ1ζ2ζ3(δ12α13α23α31α32−δ13α12α32α21α23+δ23α21α31α12α13)),
(19)
gn =
3∑
i=1
bie
ηi+
∑
i<j
(bi+bj)aije
ηi+ηj (1+δijζiζj)+a12a13a23(b1+b2+b3)e
η1+η2+η3+
7
+(b1+b2+b3)a12a13a23e
η1+η2+η3(δ12α13α23ζ1ζ2+δ23α21α31ζ2ζ3+δ13α12α32ζ1ζ3),
(20)
fn =
3∑
i=1
bie
ηi +
∑
i<j
aije
ηi+ηj (1 + 2δijζiζj) + a12a13a23e
η1+η2+η3+
+a12a13a23e
η1+η2+η3(2δ12α13α23ζ1ζ2+2δ23α21α31ζ2ζ3+2δ13α12α32ζ1ζ3). (21)
3.1 A new form of semidiscrete super-KdV equation
Strating from the bilinear equations we can construct another integrable form
which although simpler has a more complicated interaction terms between
supersolitons. If we remove the term Dtγ · γ from the (15) and put different
coefficients we will obtain:
Dtγn · fn = (γn+1fn−1 − γn−1fn+1), (22)
Dtgn · fn − (gn+1fn−1 − gn−1fn+1)−
1
2
Dtγn · γn + γn+1γn−1 = 0, (23)
(gn+1fn−1 − gn−1fn+1)− (fn+1fn−1 − f
2
n) + γn+1γn−1 = 0. (24)
The 3-supersoliton solution will be almost the same but with a more
complicated dressing in the three soliton interaction:
γn =
3∑
i=1
ζie
ηi +
∑
i<j
aije
ηi+ηj (αijζi + αjiζj) + a12a13a23e
η1+η2+η3((α12α13ζ1+
+α21α23ζ2+α31α32ζ3)+ζ1ζ2ζ3(δ12α13α23α31α32−δ13α12α32α21α23+δ23α21α31α12α13)),
gn =
3∑
i=1
bie
ηi+
∑
i<j
(bi+bj)aije
ηi+ηj (1+δijζiζj)+a12a13a23(b1+b2+b3)e
η1+η2+η3+
+(b1+b2+b3)a12a13a23e
η1+η2+η3(∆12α13α23ζ1ζ2+∆23α21α31ζ2ζ3+∆13α12α32ζ1ζ3),
fn =
3∑
i=1
bie
ηi +
∑
i<j
aije
ηi+ηj (1 + 2δijζiζj) + a12a13a23e
η1+η2+η3+
+a12a13a23e
η1+η2+η3(2∆12α13α23ζ1ζ2 + 2∆23α21α31ζ2ζ3 + 2∆13α12α32ζ1ζ3),
where
∆ij = δij
(
(bi + bk) + (bj + bk)
b1 + b2 + b3
)
|k 6=i,j.
8
The nonlinear form of this new bilinear system is:
∂tψn =
ψn+1 − ψn−1
1 + un−1 − un+1
, (25)
∂tun =
un+1 − un−1
1 + un−1 − un+1
+
(1 + un−1 − un+1)(ψnψn+1 − ψnψn−1) + ψn+1ψn−1
(1 + un−1 − un+1)2
.
(26)
3.2 Continuum limit
It is interesting to see what is the continuum limit of this new semidiscrete
super-system (25), (26). We consider the following continuous variables:
x = ǫ(n + 2t), τ =
1
3
ǫ3t, un(t) =
1
4
ǫW (x, τ), ψn(t) =
1
2
ǫ1/2Φ(x, τ).
Everything will cancel up to the order ǫ4 where we get the following system:
Wτ − 3W
2
x −Wxxx − 3ΦxΦxx − 3ΦxΦWx = 0,
Φτ − 3ΦxWx − Φxxx = 0,
which looks like a new fermionic extension of KdV equation. However this
is not so and in fact it is equivalent to the well known supersymmetric KdV
system up to a transformation Wx → Wx + ΦxΦ. So practically we do have
two integrable discretisations of supersymmetric KdV.
Remark 3.1. If m1 = m2, m3 = m2+m4 then the following general bilinear
system:
Dtγn · fn = (γn+1fn−1 − γn−1fn+1), (27)
Dtgn · fn − (gn+1fn−1 − gn−1fn+1)−
m1
2
Dtγn · γn +m2γn+1γn−1 = 0, (28)
(gn+1fn−1−gn−1fn+1)−(fn+1fn−1−f
2
n)+
m3
2
Dtγn·γn+m4γn+1γn−1 = 0, (29)
has always two-supersoliton solution in the form:
γn = ζ1γ
1
n + ζ2γ
2
n, gn = g
0
n + ζ1ζ2g
1
n, fn = f
0
n + ζ1ζ2f
1
n
where:
γ1n = e
η1 + α12a12e
η1+η2 , γ2n = e
η2 + α21a12e
η1+η2
g0n = b1e
η1 + b2e
η2 + (b1 + b2)a12e
η1+η2 , g1n = −m2a12δ12(b1 + b2)e
η1+η2
f 0n = 1 + e
η1 + eη2 + a12e
η1+η2 , f 1n = 2m4a12δ12e
η1+η2 .
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4 Time discretization
In this section we use the semi-discrete superbilinear forms to construct in-
tegrable time discretization of the above equations. The main advantage is
that bilinear equations can be discretized straightforwardly. Some difficul-
ties appear at recovering nonlinear forms. As we said in the section 2 the
guiding principle in discretizing the bilinear equations is the so called gauge
invariance [22] which means that any bilinear equation to be invariant with
respect to a multiplication with an exponential of any linear combination of
x and t.
Using this procedure we discretise directly the bilinear system (27), (28),
(29). We find (keeping the same notations as in the section 2 and imposing
gauge-invariance i.e the number of tildes on any term to be the same):
γ˜f − γf˜ = h(γ˜f − γf˜), (30)
g˜f − gf˜ − h(g˜f − gf˜)−m1γ˜γ + hm2γ˜γ = 0, (31)
h(g˜f − gf˜)− h(f˜f − f f˜) +m3γ˜γ + hm4γ˜γ = 0. (32)
Form1 = m2, m3 = m2+m4 the above system admits 2-supersoliton solu-
tion. However for m2 = −2, m4 = 1 the above system admits 3-supersoliton
solution. It has the same form as (19),(20), (21) provided we redefine the
quantities as follows:
ηi = kin+ ωiht, bi = (1 + h)(e
ki − 1)/(eki + 1), ehωi = (h− ek1)/ek1(hek1 − 1)
Also the case ofm1 = −1, m3 = 0 is integrable and have three soliton solution
with the same form as above except δij → ∆ij
The nonlinear form of the bilinear system with m4 = 1, m2 = −2 can
be constructed quite easily in the same way as in the case of differential-
difference version namely:
ψ˜ − ψ = h
ψ˜ − ψ
1− u˜+ u
, (33)
u˜− u = h
u˜− u
1− u˜+ u
+ h
2− u˜+ u
(1− u˜+ u)2
(ψ˜ − ψ)(ψ − ψ), (34)
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which is precisely the form (3) and (4)(up to the transformation of the inde-
pendent variables shown in section two) Also in the case of m2 = −1 we get
the following nonlinear form:
ψ˜ − ψ = h
ψ˜ − ψ
1− u˜+ u
, (35)
u˜− u = h
u˜− u
1− u˜+ u
+ h
(1− u˜+ u)ψ(ψ˜ − ψ) + ψ˜ψ
(1− u˜+ u)2
. (36)
5 Conclusions
What is really new in this paper is that we were able to compute soliton
solution for a discrete integrable super-equation which is not supersymmetric.
Usually supersymmetry has a huge role in simplifying computations. Non-
supersymmetric extensions of integrable equations are much more complex
and we expected that the solutions and bilinear forms to be as well. However,
due to the particular form of the semidiscrete super-system (1) and (2)which
comes from a Ba¨cklund transformation of a supersymmetric continuous one,
the solutions were rather easily found. The solitons look practically the same
as in the continuous case except the second case where the interaction is more
complicated. In addition, the fact that we found two different discretisations
shows that nonlinear integrable interaction of bosonic and fermionic fields in
a discrete world can be extremely intricate.
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